The high temperature many-body density matrix is fundamental to path integral computation. The pair approximation, where the interaction part is written as a product of pair density matrices, is commonly used and is accurate to order τ 2 , where τ is the step size in the imaginary time. Here we present a method for systems with Coulomb interactions in periodic boundary conditions that consistently treats the all interactions with the same level of accuracy. It shown that this leads to a more accurate high temperature solution of the Bloch equation. The method is applied to many-body simulation and tests for the isolated hydrogen atom and molecule are presented.
I. INTRODUCTION
Quantum Monte Carlo (QMC) methods are frequently used to study interacting many-body systems in different fields of physics and chemistry when a high degree of accuracy is needed [1] . The description of correlation effects combined with favorable scaling properties of N 3 or better (N is the number of particles) make these techniques effective in many applications. Path integral Monte Carlo (PIMC) is unique among other QMC methods because it can describe quantum systems at finite temperature [2, 3, 4, 5, 6] . The method is based on the thermal density matrix that characterizes the properties of a system in thermal equilibrium.
Many applications of the PIMC method require an accurate treatment of Coulomb interactions in periodic boundary conditions (PBC). This includes all electronic structure simulations that describe electrons as individual particles. However, there is still no universally accepted method to compute the Coulomb propagator in PBC, which has led to unnecessary approximations resulting in less efficient and less accurate many-body simulations.
In this article, we describe an accurate approach to compute the Coulomb pair density matrix in a periodic system. It can easily be generalized to other long range interactions [7] . The density matrix of a bosonic (B) or fermionic (F) system at temperature T can expressed in terms of an imaginary-time path integral,
where τ is the time step τ = β/M with β = 1/k B T , and k B is Boltzmann's constant. N particles in real-space representation, R = {r 1 , . . . , r N }, are described in the canonical ensemble. Atomic units of Bohr radii and Hartree will be used throughout this work. Instead of requiring the propagator at temperature, T , path integrals rely a density matrix at much higher temperature, M × T . At high temperature, the many-body density matrix can be computed with good accuracy because exchange effects as well as three-body correlations are negligible in the limit of high temperature. A novel method of constructing the high temperature density matrix (HTDM) for systems with long-range interactions with periodic boundary conditions is the focus of this study.
Different approximations for the Coulomb HTDM have been advanced that all become exact in the limit of τ → 0. However, all PIMC simulations are performed at finite τ . Therefore an accurate representation of the HTDM is very important. Its accuracy determines the maximum time step τ one can use. A larger time step allows one to significantly cut down on the number of time slices in the path integral, M , and therefore improve the efficiency of many-body simulations. This gain in efficiency may be crucial in practical applications to perform accurate simulations at low temperature or for large systems.
The HTDM can be used to define the potential action, U (R, R ′ ; τ ). For a system of N distinguishable particles in real space representation this reads,
ρ 0 is the free particle density matrix in D dimensions,
λ is the a mass dependent parameter,h 2 /2m. U is commonly approximated as the product over the nonideal parts of all pair density matrices ρ(r ij , r
This is called the pair approximation, and is accurate to order τ 2 [4, 5, 6] . One essentially starts with a exact solution of the two-body problem when performing many-body simulations. This mean only 1 time slice is needed to study the hydrogen atom at any temperature and equilibrium ionization state but more are needed for the hydrogen molecule when three-body correlations are important. Exchange effects have been neglected in Eq. 4, which justified for a small time step τ . In the full path integral, they enter as a sum of over permutations in Eq. 1.
For a Coulombic system with periodic boundary conditions, these pair density matrices, ρ(r, r ′ ; τ ), are solutions of the two particle Bloch equation with the Ewald potential [8] ,
with the initial condition ρ(r, r ′ ; τ = 0) = δ(r − r ′ ). The reduced mass µ ij = m i m j /(m i + m j ) enters through λ ij ≡h 2 /2µ ij . The pair density matrix can also be derived from the Feynman-Kac relation,
where the average is to be taken over all free-particle (Brownian) paths from r to r ′ . For potential without negative singularities, this expression can easily be evaluated numerically for specific pairs of r and r ′ in order to verify the approximations to be discussed below. However, the results will always have a statistical uncertainty due to the finite sample of Brownian paths.
The resulting Ewald pair action, u EW (r, r ′ ; τ ) = − ln[ρ EW /ρ 0 )], determines the weight of the paths in Eq. 1 where r and r ′ represent the separations of pairs of particles i and j at two adjacent time slices,
For a spherically symmetric potential, the pair density matrix depends on τ and three spatial variables: the initial and final pair separations |r| and |r ′ | as well as the angle between them θ. Alternatively, it can be expressed in terms of the variables q, s and z,
For Coulomb potential, the dependence on z drops out [9] . The Ewald potential, however, has the symmetry of the periodic simulation cell which requires both the initial and final pair separation to be specified with respect to the cell. This implies that the pair density matrix for the Ewald potential depends on six spatial variables. This makes computation and storage of the corresponding action extremely awkward. Previous methods [10, 11] to deal with this difficulty have involved a break-up of the Ewald potential into a spherically symmetric short-range piece and a long-range remainder,
The short-range piece has been treated numerically using the matrix squaring technique developed by Storer [12] . In principle, it allows one to derive the exact action for a spherically symmetric potential but in practice the accuracy is controlled by numerical accuracy of the integration. Matrix squaring is performed on a grid and controlling the associated grid errors requires significant care [13] . To treat the cusp condition at the origin accurately, the shortrange part must include the singular part of the potential. Most simply, one can use the direct 1/r interaction term as short-range part. Alternatively, one can employ the optimized Ewald break-up method described in [14] , which allows one to construct a short-range piece that always decays within the boundaries of the simulation cell. A detailed review of the break-up method and its accuracy is given in [13] . The primitive approximation,
provides a simple straightforward way to add the long-range remainder,
but the random phase approximation has also been applied to the long-range action [11] . When we later refer to Eqs. 9 and 11, we assume that the 1/r potential has been used as short-range piece.
The break-up of the Ewald potential [10, 11] introduces an additional approximation to path integral computation. While it has been successfully in many applications [15, 16, 17, 18] there is a need for improvement. The break-up is ad hoc and introduces some arbitrariness to the construction of the Ewald action. The accuracy remains high if either potential piece is sufficiently smooth on the scale of the thermal de Broglie wave length, λ d = √ 4πλτ . However, the convergence to the correct answer as function of cell size and temperature is difficult to assess. For these reasons, we present a method here that consistently treats the direct Coulomb interaction within the simulation cell and that with periodic images with the same level of accuracy. Our method thereby avoids introducing a short and long-range potential. The necessary pair density matrices are derived for the Coulomb potential, which makes it possible to utilize the large amount of analytic and numerical work available for this potential. The development of the method proceeds by three steps which are now described.
II. METHOD A. Computation of the pair density matrix for the Coulomb potential
It is first necessary to compute the pair density matrix for an isolated pair of particles. This can either be done with matrix squaring or from the sum over eigenstates. In the matrix squaring technique, one can take advantage of the fact that only s-wave contributions enter in case of the Coulomb potential as done by Storer [12] . In the squaring technique, one starts from a high temperature expansion and then numerically squares the density matrix using,
until the lowest temperature has been reached. This typically requires 10-30 iterations. Since matrix squaring is done on a grid in r and r ′ a grid error is introduced. For the Coulomb potential this usually requires a high number grid points near the singularity at the origin. This singularity also requires care when the density matrix is initialized using a high temperature expansion at the beginning of the squaring procedure. Despite these shortcomings, the squaring technique has the advantage that it can easily be applied to arbitrary spherical potentials [19] . Alternatively, Schmidt and Lee developed an approach where kinetic and potential operators are applied repeatedly using Fourier transforms [20] . This method has been adopted by J. Shumway to study a variety of systems with PIMC [21] . Vieillefosse used an analytic power-series expansion method to construct the action [22] .
For potentials that do not exhibit negative singularities, the pair density matrix can also be derived from the Feynman-Kac formula, Eq. 6. This approach was applied to the Yukawa interaction in Ref. [7] . It avoids introducing grid errors and readily yields diagonal matrix elements as well as the first term in an expansion for off-diagonal elements but it impractical for constructing a table the includes arbitrary off-diagonal elements. Matrix squaring would then be more appropriate [13] .
In this paper, we rely on another approach and compute the pair density matrix by summation over eigenstates [23] ,
It also avoids grid errors and can provide off-diagonal elements efficiently but requires that the eigenstates are known with high precision, which is the case for the Coulomb potential. Although the number of states to be considered increases with temperature but the summation can be performed accurately for the temperatures of interest as was shown in Ref. [23] .
For illustration, Fig. 1 shows examples of the electron pair potential action for the on diagonal case (r ′ = r) and the exchange case (r ′ = −r) over two decades of τ . The cusp condition leads to a linear behavior near the origin. For large r, the diagonal action converges to the primitive action. The exchange term always has a higher action, which can be understood from the Feynman-Kac formula in Eq. 6 where one averages over all Brownian paths. While in the exchange case paths beginning at r must diffuse around the repulsive 1/r potential to reach −r, in the diagonal case can avoid region of high potential more easily. [|r| + |r ′ |]. The left graphs shows that, for diagonal configurations r = r ′ , the error in the primitive approximation, −τ /q, decays like q −4.1 . The right graphs shows that the off-diagonal terms decays like q −3.1 for fixed s = |r − r ′ | = 2 √ λτ = √ 2 (thick dashed line). The dot-dashed line shows the error in the primitive approximation for parallel r and r ′ (θ = 0). The solid lines shows this error in the case of |r| = |r ′ | and angle θ > 0.
To increase the efficiency of PIMC simulations, the HTDM is derived beforehand and tabulated. For a given time step τ , the Coulomb pair density matrix is a function of the two variable q and s, u(q, s) ≡ u(r, r ′ ; τ ). In order to reduce the storage, we fit the off-diagonal terms using an expansion of powers of s 2 (compare with [6] ),
For each q, a least squares fit can represent the off-diagonal term with sufficient accuracy. The results for n = 1 are shown in Fig. 3 . The expansion works well in PIMC because the kinetic energy prevents adjacent point on the path to exceed separation much larger than the thermal de Broglie wave length. The storage of complete set of off-diagonal terms is therefore not needed. For the Coulomb potential, the off-diagonal terms decay approximately like q which is demonstrated by three curves in Fig. 2 . The first compares the diagonal (s = 0) and off-diagonal action (|r| = |r
at constant q. The magnitude of s represents a typical separation of adjacent points along the path which is mostly determined by the free particle action. The second curve in Fig. 2 shows the error in the primitive approximation for the same q and s parameters. The third curve shows the error in the primitive approximation for parallel vectors (θ = 0) with the exact action. The graph underlines that the sum over off-diagonal contributions from the image charge converges. Also for large separations, the primitive approximation works well, and off-diagonal contributions may be neglected.
These properties is used in PIMC simulations, where one typically computes the off-diagonal contributions only for particle pairs within the simulation cell using the minimum imagine convention. To date, no efficient way to sum up all off-diagonal contributions has been proposed. However, if necessary, a summation over the required number of images can easily be included.
B. Pair approximation for the image charges
The pair approximation Eq. 4 is commonly used to approximate the action of a path. This expression follows from the Feynman-Kac formula Eq. 6, here written for a finite system of N particles,
= exp
The pair approximation enters in Eq. 17 where it is assumed that interactions between pairs of particles may be averaged independently from the location of paths of the remaining particles. This approximation becomes increasingly accurate for large separations. It is exact at high temperature and, as stated before, the error is of O(τ 3 ). Now we will describe how the pair approximation can be applied to the systems with periodic boundary conditions. In principle, one only has to add sum over the interaction with of all periodic images using the pair approximation, which assumes that the diffusion of paths of the image particles may also be averaged independently. Since the error in the pair approximation also decreases with separation, applying it to the periodic images is less of an approximation than one is using already by applying the pair approximation to the direct interaction within the simulation cell.
However, Eq. 19 converges conditionally since the Coulomb potential is long-ranged. This problem has been solved by introducing the Ewald potential which assumes charge neutrality guaranteed by a neutralizing background. Starting from the Ewald potential, we will now give an approximate expression for the corresponding Ewald action. Since the exact action converges to the primitive approximation for large separations (Fig. 2) , the quantum correction is a short-ranged function,
Since it decays faster than r −3 (Fig. 2) , the sum over all images converges. It should be noted that u(r, r ′ ; τ ) does not need to go to zero with the simulation cell. This allows us to construct an Ewald action using the primitive approximation and a sum of quantum corrections ∆u,
which is the central result of this article. We will discuss diagonal matrix elements first, off-diagonal elements are derived in the next section. Note that it is periodic as well as symmetric in the arguments r and r ′ , and satisfies the cusp condition, i.e. the 1/r singularity in the Coulomb potential as r → 0 is canceled in the Bloch equation by a term arising from the kinetic energy operator.
The existence of the background term u BG can be understood in two ways. First, by introducing the residual of Bloch equation,
The residual derived from the primitive action leads to the following simple expression on the diagonal,
For the Ewald potential, the presence of a neutralizing charge background (∇ 2 r V EW = 4π/Ω) gives rise a constant that is independent of r. An additional correction for it can be derived assuming a locally harmonic potential [3] at the point r
The first term is of order O(τ 2 ) and is therefore not part of the primitive approximation. A constant shift in the action does not affect PIMC sampling, however, the τ derivative of u BG enters in the estimator for kinetic energy. The second way to derive the background term is by numerically calculations using the Feynman-Kac formula 6. In Fig. 4 , the difference of the various approximations for the Ewald action are compared with the computed exact values. The graphs shows that the error in the primitive approximation approaches a constant at large r while it decays to zero for a pair of isolated particles. The difference primarily arises from the presence of the neutralizing background, which was corrected by introducing u BG . However, it should be stressed that, τ = 1 in Fig. 4 is much larger than typical time steps used in simulations with electrons and nuclei. In such simulations, the background contributions are less importance because they scale like τ 2 . In analogy to Ewald approach (Eq. A2), the action of a many-body system can be written as,
where the charge factors have been included in the action terms. The efficient evaluation of u EW is discussed in Appendix A. Tables I and II give the density matrices and their τ derivative for isolated proton-electron and electron-electron pairs at a time step of 0.125 Hartrees −1 , which is typical for a PIMC simulation. In the notation of Eq. 14, the diagonal and first order off-diagonal expansion coefficients are tabulated.
III. RESULTS
As a first test of the isolated pair action, a single hydrogen atom at a temperature T = 0.025. This temperature was chosen low enough for the atom to be in the ground state since the relative occupation probability of the first excited state is 5 × 10 −5 . Path integral Monte Carlo estimates of the potential energy agrees with the exact value of −1 within the statistical error bar of the Monte Carlo integration, here 10 −4 . While the evaluation of the potential energy involves only the action, the total energy estimator requires also the τ derivative. The computed total energy agreed with the exact value of −1/2 to a relative accuracy of 7 × 10 −4 . Both potential and kinetic energy estimators are necessary to calculate the pressure, P , from the virial theorem, 3 P Ω = 2 K + V .
As a second test for the accuracy of the computed pair density matrix, the kinetic and potential energy for an isolated hydrogen molecule was computed as a function of proton separation R. Fig. 5 shows very good agreement with the exact groundstate calculation [24] . The molecular binding energy of 1.174448 as well as the location of the minimum at R = 1.4008 are well reproduced (see inset of figure 5). The virial theorem for a diatomic molecule [24, 25] reads,
It goes to zero at the equilibrium bond length as well as in the limit of R → ∞ as shown in the figure.
A more detailed analysis of the comparison with the groundstate calculation for R fixed at the equilibrium bond length shown in Fig. 6 reveals that the finite time step in the path integral determines the accuracy of the calculation. The temperature T = 0.025 was chosen low enough to compare with the groundstate result as the check with T = 0.0125 shows. The internal energy converges faster to the exact groundstate result than the virial term 2K + V . For τ ≤ 0.25, we find that the energy deviates less than 10 −3 from the exact groundstate energy. For τ = 0.0625, the energy deviated by (2.4 ± 1.7) × 10 −4 . For this time step, we obtained 2K + V = (9 ± 7) × 10 −4 , which corresponds to an residual inaccuracy in the pressure equivalent to the pressure of an ideal molecular gas at T = 90 ± 70 K, which is a significant improvement in accuracy over [17] and more than sufficient for the majority of PIMC simulations of hot, dense hydrogen [16, 26] . This concludes the accuracy analysis for isolated systems of particles.
The accuracy of the constructed pair density matrix in a periodic system is analyzed by calculating the error in Bloch equation 5 size L = 5 using 20 k-shells is given in Tables III and IV. Based on the residual in Eq. 22, we define the accuracy parameter,
that characterizes the accuracy of the particular approximation to the density matrix. Fig. 7 shows this accuracy parameter for the periodic proton-electron pair density matrix as a function of cell size L. This present method of treating the image charges in the pair approximation is contrasted with treating them in the primitive approximation, Eqn. 11, with the long range term V l.r. (r) = V EW (r) − 1/r. In the limit of large L, both methods are in agreement and show a rapid decay of the residual indicating that the Bloch equation is satisfied with increasing accuracy. For small L, the pair approximation yields a smaller residual demonstrating that the method proposed here leads to a more accurate high temperature density matrix for periodic systems.
We have applied Eq. 21 to PIMC simulations of hydrogen, helium, hydrogen-helium mixtures [27, 28, 29, 30] , and to study quantum effects in the one-component plasma [7, 31, 32] . Fig. 8 demonstrates the quality of the construct density matrices in PIMC simulation of a strong coupled Coulomb system. Despite significant quantum properties the particles arrange in a Wigner crystal. The presented time step analysis shows that a time step of 400 or less is needed to obtain converged structural properties such as pair correlation functions. This serves as a benchmark for future methods to construct density matrices for PIMC that would then need to demonstrate that the same level of accuracy can be achieved with larger time steps. for the homogeneous electron gas in state of a Wigner crystal [7, 15, 31, 32] for coupling parameter Γ = 200 and quantumness parameter η = 1 (β = 40000, rs = 200) are shown from simulation with different time steps τ . The right graph shows how the maximum value of the g(r) converges as a function of τ . Good convergence is reached for τ = 400 requiring simulations with 100 time slices.
IV. CONCLUSIONS
The method proposed here to compute the Coulomb pair density matrix in periodic boundary conditions has two advantages over previous approaches. It starts from the more accurate Coulomb pair density matrix, which reduces the numerical errors in the short-range behavior of the computed pair density matrix and circumvents a break-up of the potential. Although it does not derive the pair density matrix for the Ewald potential exactly, it consistently uses the pair approximation for the action which is an intrinsic assumption in most many-body path integration simulations.
In addition to describing this method, quantitative test results for the isolated hydrogen atom and molecule as well as a test for the periodic system based on the residual error in the Bloch equation were presented to assess the accuracy of the high temperature density matrix. It is suggested that these tests should form a basis for comparing any proposed alternative methods.
APPENDIX A: EWALD POTENTIAL
The Ewald method to describe the potential of charged particles in periodic boundary conditions can be adapted in the following way to calculate the action. The potential energy of a system of N charges Q i interacting via the Coulomb potential V c (r) ≡ 1/|r| is given by [33] ,
where r ij = r i − r j and L is a lattice vector. This expression converges conditionally for charge neutral systems ( i Q i = 0). Under the assumption of charge neutrality, this expression can be computed from Ewald potential V EW and the Madelung constant
where
. The Ewald potential is split in a real space and a Fourier part [8] by subtracting the screening potential V s (r) of a Gaussian charge distribution. Under the assumption of charge neutrality ( i Q i = 0) or in the presence of a neutralizing background, the Ewald potential becomes,
where the constant C V ,
represents contributions from a neutralizing background. For neutral systems, all C V terms cancel. The total potential energy can be computed more efficiently by introducing the Fourier transform of the charge density,ρ(k) = j Q j e −ikrj . Eq. A1 then reads,
where the constant V image has been introduced,
In contrast to V M , V image depends on the choice of V s . The same approach can be applied to construct the diagonal Ewald action where V c (r) is then replaced by τ V c (r) + ∆u(r, r; τ ). In many-body Monte Carlo simulations, an efficient computation of the Ewald action, Eq. 21, is crucial. This can be achieved by using the optimized Ewald break-up technique developed by Natoli et al. [14] ,
where one uses only one real-space image and a variable number of Fourier vectors depending on the required accuracy. As basis set f n , we use locally piecewise quintic Hermite interpolants as suggested in [14] . However, this basis set is only used to perform the break-up. The coefficients a n and y k are chosen to minimize the mean squared deviation between the u EW (r) and the fit function. While Natoli et al. proposed using a sum over many Fourier components for this step, we reached a higher accuracy by performing this calculation in real space, which leads to the usual set of n linear equations, 
andf n andũ EW being the corresponding Fourier transforms of f n and u EW . The Fourier coefficients y k are given by,
The background term, C u , is treated as a k = 0 component. In the final step, the real space part,
is conveniently stored on a radial grid and interpolated during PIMC simulations. The same procedure is applied to the τ derivative of the action.
TABLE I: Density matrix at τ −1 = 8 for an isolated proton-electron pair. The columns correspond to diagonal potential action, the first off-diagonal expansion coefficient (see Eq. 14 with n = 1), the diagonal τ derivative, and its first expansion coefficient. r u(r, 0) A(r) u ′ (r, 0) A ′ (r) 
